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1 Introduction 

Vertex algebras have been introduced into mathematics by R. E. Borcherds 
m- These algebras together with their representations give a mathemati¬ 
cally rigorous description of conformal field theories. A prominent application 
is Borcherds’ proof of the moonshine conjecture for the monster [B2| . Two 
important problems in the theory of vertex algebras are the classification of 
vertex operator algebras and the construction of new vertex operator algebras 
as orbifolds. 

In this paper we prove the following results. 
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Let y be a simple, rational, C 2 -cofinite, self-contragredient vertex operator 
algebra of CFT-type. Assume that all irreducible y-modules are simple cur¬ 
rents. Then the fusion algebra V{V) of y is the group algebra C[£)] of some 
finite abelian group D fTheorem 13.ip . Suppose in addition that the irreducible 
modules different from V all have positive conformal weights. Then the mod¬ 
ulo 1 reduction qa of the conformal weights provides D with the structure of a 
discriminant form and Zhu’s representation is up to a character the Weil rep¬ 
resentation of D iTheorem 13.41) . The direct sum of the irreducible y-modules 
has the structure of an abelian intertwining algebra whose associated quadratic 
form is —(Ja lTheorem l4.1l) . Restricting the sum to an isotropic subgroup gives 
a vertex operator algebra extending V (Theorem 14.21) . 

Now we assume in addition that V is holomorphic and we let G = {g) 
be a finite, cyclic group of automorphisms of V of order n. Then the fixed- 
point subalgebra has group-like fusion and the fusion group D is a central 
extension of by whose isomorphism type is determined by the conformal 
weight of the twisted module V(g) (Theorem I5.12p . Let N be the level of D 
with respect to qa- Then the twisted traces of V are modular forms for r(A^) 
if 24 divides c and for r(lcm(iV, 3)) otherwise (Theorem I5.14p . Suppose the 
gAtwisted modules of V have positive conformal weights for j ^ 0. Then the 
direct sum of all irreducible y'^-modules is an abelian intertwining algebra and 
the restriction of the sum to an isotropic subgroup H oi D is a vertex operator 
algebra extending called the orbifold of V with respect to G and H (Theorem 

EUl). 

Next we consider the classification problem. Let y be a simple, rational, G 2 - 
cofinite, holomorphic vertex operator algebra of CFT-type and central charge 
24. Then either Vi = 0, dim(yi) = 24 and V is isomorphic to the Leech lattice 
vertex operator algebra or Vi is one of the 69 semisimple Lie algebras described 
in Table 1 of [5] (Theorem 16.41) . 

As an application of our results we construct new holomorphic vertex opera¬ 
tor algebras of central charge 24 with Vi given by ^ 2 ^ 52 , 1 ^ 6 ^ 4 , 5 , A 2 , 554 ^ 2 , 
4 li.iC' 5 ^ 3 G 2,2 and ^ 4^10 as lattice orbifolds (Theorem 18.II) . 

Another application is Carnahan’s proof of Norton’s generalised moonshine 
conjecture P. 

It is a pleasure to thank P. Bantay, S. Carnahan, T. Creutzig, G. Hohn, 
Y.-Z. Huang, V. Kac, C.H. Lam, M. Miyamoto, A. Schellekens, H. Shimakura 
and H. Yamauchi for valuable discussions and comments. 

The first author was supported by a grant from the Alexander von Humboldt 
Foundation and later by CAPES-Brazil. The second author was partially sup¬ 
ported by a scholarship of the Studienstiftung des deutschen Volkes. The second 
and third author both were supported by the DFG project “Infinite-dimensional 
Lie algebras in string theory”. 

After completion of this work we learned of |DRX) which has some overlap 
with our Section [SJ in particular Proposition 15.61 
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2 Modular invariance and the Verlinde formula 

In this section we recall some of the main results that we will use. 


Let V be a rational, C' 2 -cofinite vertex operator algebra of central charge c 
and W an irreducible V-module of conformal weight p{W). Then for -u G V we 
define the formal sum 

00 

Tw{v, q) = trw ^ trH.,+„ o{v)q- 

n—0 

where o(v) = v^t(v)-i for homogeneous v, extended linearly to V. Zhu [Z] has 
shown 

Theorem 2.1 

Let V be a rational, C 2 -cofinite vertex operator algebra of central charge c and 
W € Irr(V), the set of isomorphism classes of irreducible V-modules. Then 

i) Let q = Then the formal sum Tw{v,t) converges to a holomorphic 

function on the complex upper halfplane H. 

a) Let V € V\k\ be of weight k with respect to Zhu’s second grading. Then 
there is a representation 


pv : SL 2 (Z) ^ GL(V(fo)) 

of SL 2 (Z) on the fusion algebra V(V) = 0weirr(y) such that 

Tw{v,'yT) = {cT + d)'" ^ Pv{i)w,mTm(v,t) 

Mglrr(V) 

for ail 7 = (“^) gSL 2 (Z). 

Under the conditions of the theorem the central charge of V and the confor¬ 
mal weights of the irreducible modules of V are rational |DLM] . 

We denote the images of the standard generators S = (i ~q^) and T = (J }) 
of SL 2 (Z) under Zhu’s representation pv by S and T. Then 

7m,TV = SM,Ne{{p{M) — cl2A)) 

where e(x) denotes The <S-matrix is related to the fusion coefficients by 

the Verlinde formula proved for vertex operator algebras by Huang |H3j . 


Theorem 2.2 

Let V be a simple, rational, C 2 -cofinite, self-contragredient vertex operator 
algebra of CFT-type. Then 

i) The fusion coefficients are given by 


Arr 


M,N 


E 

(7eIrr(V) 


'm,uSn,uSw' ,U 

Sv,u 
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a) The matrix S is symmetric and is the permutation matrix sending M 
to its contragredient module M'. 

Now let y be a simple, rational, C' 2 -cofinite vertex operator algebra of central 
charge c which has only one irreducible module, i.e. V is holomorphic and let 
G = {g) be a finite, cyclic group of automorphisms of V of order n. Then for 
each h G G there is a unique irreducible /i-twisted T^-module V{h) of conformal 
weight p{V(h)) G Q and a representation 

(t)h-.G^ Autc(F(h)) 

of G on the vector space V{h) such that 

(t>h{k)Yv(h){v,z)(j)h{k)~^ = Yv(h){kv,z) 

for a\\ k G G and v G V [DLMj . By Schur’s lemma this representation is unique 
up to multiplication by an n-th root of unity. Setting h = k = we define 
the twisted trace functions 

T{v, i,j, q) = trv(gi) o{v)4>gi . 

Dong, Li and Mason [DLM] have shown 

Theorem 2.3 

Let V be a simple, rational, G 2 -cotinite, holomorphic vertex operator algebra 
of central charge c and G = {g) a finite, cyclic group of automorphisms of V of 
order n. Then 

i) Let q = Then the twisted trace function T{v,i,j,T) converges to a 

holomorphic function on Lf. 

a) For homogeneous v G the twisted trace functions satisfy 

Y(v,i,j,jT) = a(i,j,j)(cT + d)'‘T(v,(i,j)j,T) 

for j = (“ ^) G SL 2 (Z). The constants a(i,j,y) G C depend only on i, j, 
7 and the choice of the (j)i ■ 

3 Simple currents 

In this section we show that a rational vertex operator algebra satisfying certain 
regularity conditions and whose modules are all simple currents has group-like 
fusion and that the conformal weights define a quadratic form on the fusion 
group. We also show that Zhu’s representation is up to a character the Weil 
representation in this case. 

Let M be a rational, C 2 -cofinite vertex operator algebra of CFT-type. It is 
well-known that the fusion algebra V{V) of M is a finite-dimensional, associative, 
commutative algebra over C with unit V. Let Irr(M) = {IT“ | a G F} be the 
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set of isomorphism classes of irreducible ^-modules. We assume that all 
are simple currents. Then we can define a composition on D by 

Kly ^ . 

If V is in addition simple and self-contragredient then D actually is an abelian 
group with identity = V. 

Theorem 3.1 

Let V be a simple, rational, C 2 -coSnite, self-contragredient vertex operator al¬ 
gebra of CFT-type. Assume that all irreducible V-modules are simple currents. 
Then the fusion algebra V{V) of V is the group algebra C[ZI] of some finite 
abelian group D, i.e. 

IT“ Kly ^ 

for all a,P G D. The neutral element is given by = V and the inverse of a 
by ^ (IT“)' . 

Proof: We only have to prove the last statement. By the Verlinde formula we 
have 

(5q,/5 — AfaO — 'y ^ *^a7*^7/3' • 

■yCD 

The symmetry of the iS-matrix implies 

Aco _ ‘5Q.y4SQ/^iSo7 _ c C — X _ 1 

■'^aa' — / . o — / . C>a-fOja' — Cace — r . 

7G£> 7GD 

This proves the theorem. □ 


If V is as in the theorem we say that V has group-like fusion. We will assume 
this from now on. We denote the conformal weight of IT“ by p{W°‘) and define 
a map 


(jA • D —>■ Q/Z 


by 


a I-5- p(IT“) mod I. 


We also define 


by 


bA ■ D X D ^ Q/Z 

6a(q;,/3) = < 7A(a -\- P) — q£\{a) - qa^P) mod I. 


Proposition 3.2 

Suppose V has group-like fusion with fusion group D and the modules have 
positive conformal weights for a 0. Then 

^00 — — 

for all a G D. 


1 

TWi 
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Proof: We have Sqo = Soa = Sao G K"*" [DJXj so that 

1 = ^00 = (*5^)00 = ^ 5^0*507 = |-D|5qo . 

-yGD 


This proves the statement. □ 

Proposition 3.3 

Suppose V has group-like fusion with fusion group D and the modules have 
positive conformal weights for a 0. Then 

Sap = Soo e(-bAia, j3)) 


for all a,l3 € D. 

Proof: The relation TSTST = S' in SL 2 (Z) implies 

Sap = ^ Sa-fS^p e(gA(a) + 9 a(,8) + 9a (7) - c/8). 

7 G-D 

By the Verlinde formula we have 

*^a+/3,7 — ^ ^ ^5'y^ty.-\-^,5 
6gD 


= E V 


■(5 

aP 


5eD 


— E/ ‘^'57 

S,p&D 


^ap^^p^—5,p 


^otp^^p 


= ^ s 

per* 


Sop 


= E 


SapSpp 


peD 

Sa-yS. 


s, 


Op 


‘a^Op^Y 

?07 


because 


^ ^ Sg>yS—g^p - ^ ^ S~yg6—g^pSpp - ^ ^ S-yg(^S ^gpSpp - (S ^-fp - ^7P ■ 

s^D s,peD s,peD 


Hence 


S, 


'0!+^,7So7 — ^Q(7^^7 
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so that 


Sap = Sa^S^p e{qA{a) + QAiP) + 9 a( 7 ) - c/8) 

-yGD 

= ^ Sa+p,jSoj e(qA(a) + qA(/ 3 ) + qAil) - c/8) 

jGD 

= e(qA(a) + qA(/ 3 ) - c/8) ^ Sa+p,'rSoy e(gA(7)) 

jGD 

= e(qA(a) + gA(/ 3 ) - c/8)5a+/3,oe(-gA(Q! + / 3 ) + c/8) 
= e(-bA(a,/3))Sa+p,o 

since 

Sao = ^ *Sa7*S70 e(qA(a} + qAil) - c/8) 

7^-0 

= e(qA(a) - c/8) ^ 5^7570 e(qA(l)) ■ 

-yGD 


This finishes the proof. 


□ 


Theorem 3.4 

Let V be a simple, rational, C 2 -co£nite, self-contragredient vertex operator 
algebra of CFT-type. Suppose V has group-like fusion with fusion group D and 
the modules have positive conformal weights for a ^ 0. Then 


:e(-&A(a,/3)), 


vIBT' 

Tap = e{qA{a) - cl2T)5ap- 


Moreover qA is a quadratic form on D and 6 a the associated bilinear form. 

Proof: The formula for T is clear. The formula for S follows from the previous 
two results. The relation 


SaySpy — «Sq.-|_^^7*So7 

together with Proposition 13.31 shows that 6 a is bilinear. We have (7 a(0 ) = 0 
mod 1 and qAict) = qAi—o) for all a £ D. This implies that qA is a quadratic 
form with associated bilinear form 6 a . D 

Proposition 3.5 

Suppose V has group-like fusion with fusion-group D and the modules 
have positive conformal weights for a T 0. Then the bilinear form 6 a is non¬ 
degenerate. 
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Proof: We have 


^a.-/3 = (‘5^)a/3 


XI e(-^A(Q; + P, 7)) 

-r&D ' ' 'reD 


so that ^ 

<5a0 = X e(-&A(a, 7)) • 

' ' jeD 

This implies the statement. □ 

It follows that {D, (Ja) is a discriminant form. The group algebra C[I?] carries 
two representations of the metaplectic group Mp 2 (Z), one coming from Zhu’s 
theorem and the other being the Weil representation |B3) . These representations 
commute and the explicit formulas show that they are related by a character. 
As a consequence we have 


Theorem 3.6 

Let V be a simple, rational, C 2 -co£nite, self-contragredient vertex operator 
algebra of CFT-type. Suppose V has group-like fusion with fusion group D and 
the modules IT“ have positive conformal weights for a ^ 0. Then the central 
charge c of V is a integer and D is a discriminant form under gA of signature 

sign(II) = c mod 8. 


4 Abelian intertwining algebras 

In this section we show that the irreducible modules of a rational vertex operator 
algebra V satisfying certain regularity conditions and with group-like fusion 
form an abelian intertwining algebra whose quadratic form is determined by 
the conformal weights. Restricting the sum to an isotropic subgroup gives a 
vertex operator algebra extending V. 

Let D he a finite abelian group and {F, fl) a normalised abelian 3-cocycle 
on D with coefficients in C*, i.e. the maps 

F : D X Dx D^C* 
n-.DxD^C* 


satisfy 

F{a, 13, y)F{a, /3, 7 -b 5)~^F{a, /3 -b 7 , 5)F{a + j3, 7 , d)"^F(/3, 7 , <5) = I 
F{ol, P, 7)"^n(a, P + y)F{P, 7, a)~^ = n{a, P)F{P, a, 7)”^n(a, 7) 
F{a, P, 'j)n{a + P, 7)F(7, a, P) = fl{P, y)F{a, 7, / 3 )n(a, 7) 

and 

F{a,p,0) = Fia,0,y)=Fi0,P,y) = l 

n{a,o) = n{o,p) = 1 
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for all a, 13,J,S € D. Define 


B : DxDx D ^C* 


by 

Bia, 13, 7 ) = F(/3, a, 7 )"^D(a, l3)F{a, (3, 7 ). 

We also define a quadratic form 

qn '■ D —¥ Q/Z 
by 

D(a,a) = e(qn(a)) 

for all a S D. We denote the corresponding bilinear form by bn- The level of 
(F,D) is the smallest positive integer N such that NqQ{a) = 0 mod 1 for all 
a € D. 

An abelian intertwining algebra of level N associated to D,F and D is a 
C-vector space V with a ;^Z-grading and a D-grading 


D= 0 v; = 0fo° 


Ol^D 


such that 


= 0 v: 


where = Vnt3V°‘ equipped with a state-field correspondence 
Y : V ^ End(fo)[[z-i/^,zi/^]] 


^V(a,z) = 


a„z 


—n—l 


and with two distinguished vectors 1 & , u: & satisfying the following 

conditions. For a, (3 G D, a,b G V and n G ^Z 

anV^ C if a G 

a„6 = 0 for n sufficiently large 
Y{a,z)l gV]\z'A and lim F(a, 2 ;)! = a 

Y{a,z)\vP= ^ if a G F“, 

ne6fi(a,/3)+Z 

the Jacobi identity 

6sj(a,/3) 


-1 y-z 


y- z 


Y{a,y)Y{b, z)c 


- B{a,l3,j)x~ 


1 z-y 


e'' ‘'X 

-1 


= F{a,l3,-f)z fo 


bnia,0) 


y-x 


i^) 

Y(Y{a,x)b,z) 


Y{b,z)Y{a,y)c 
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holds for all a £ b £V^ and c£V'^, the operators L„ defined by 


Yiuj,z) = J2LuZ-"-^ 


satisfy 

Q 

ffl'^ - ffl 

[-^ 771 , Lji\ = (? 7 r n^Ljji^Yi Y ^m+nC 

for some c G C and 


Lqq = na for a € Vn, 

■^Y(a,z) = Y{L_ia,z). 
dz 

Note that the cohomology class of {F, £l) in C*) is determined by qn- 

We also remark that rescaling the intertwining operators amounts to changing 
(F, n) by a coboundary f [DLl) . Remarks 12.22, 12.23). 

A consequence of the Jacobi identity is the skew-symmetry formula 

y(a, z)b = e—z)a 


foraeR“, V^. 

It is well-known that the vertex algebra associated with an even lattice to¬ 
gether with its irreducible modules forms an abelian intertwining algebra where 
gn is determined by the conformal weights 1 |DL1] . Theorem 12.24). More gen¬ 
erally we have 

Theorem 4.1 

Let V be a simple, rational, C 2 -co£nite, self-contragredient vertex operator 
algebra of CFT-type. Assume that V has group-like fusion, i.e. the fusion 
algebra is C[Z1] for some finite abelian group D, and that the irreducible V- 
modules IT“, a 0 have positive conformal weights. Then 

W = 0 

aGD 

can be given the structure of an abelian intertwining algebra with normalised 
abelian 3-cocycle {F, 11) such that 


qn = -9A • 

Proof: Choosing non-trivial intertwining operators between the modules 
of V the Jacobi identity defines maps F and ft. Huang has shown that {F, 17) 
is an abelian 3-cocycle on D (cf. |H2) . Theorem 3.7 and [HI] '). Any abelian 3- 
cocycle is cohomologous to a normalised one so that W is an abelian intertwining 
algebra. Furthermore the modules of V form a modular tensor category with 
the twist morphisms 6a '■ kF“ —)• W°‘ on the irreducible modules given by 
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da = e((;A(a)) idw“ (cf- |H4p . Since V has group-like fusion the braiding 
isomorphism 

Cc,/3 ■.W'^MWd 

is for a = P given by 

Ca,a = e(gn(a))e(2gA(a))idw<»Kiw“ ■ 


We have 


tr^a 6(y — Ca,ct 

(cf. Proposition 2.32 in |DGNO) l so that 

e(gA(Q!)) trvvc* idw“ = e(gn(a))e(2gA(a)) trvv2c idvy2c . 


The trace 


da = trw“ idw“ 


is the categorial quantum dimension of . For Huang’s construction under the 
positivity assumption on the conformal weights it coincides with the definition 
of the quantum dimension as the limit of a certain character ratio and do, = 1 
if VF“ is a simple current (cf. |DJX] . [DLN] '). Then the above identity implies 


e(9a(a)) = e{-qA{a)) 


for all a G £). This proves the theorem. 


□ 


This result is also stated as Theorem 2.7 in |HS| . In the above proof we fill a 
gap pointed out by S. Carnahan. The theorem can also be derived from Bantay’s 
formula for the Frobenius-Schur indicator and the fact that the theorem holds 
for abelian intertwining algebras associated with even lattices. 

As an application we obtain 


Theorem 4.2 

Let V be a simple, rational, C 2 -cotinite, self-contragredient vertex operator 
algebra of CFT-type with group-like fusion and fusion group D. Suppose that 
the irreducible V-modules VF“, a G D \ {0} have positive conformal weights. 
Let H be an isotropic subgroup of D with respect to qA- Then 

= 0 

'yen 

admits the structure of a simple, rational, C 2 -cofinite, self-contragredient vertex 
operator algebra of CFT-type extending the vertex operator algebra structure 
on V. If H = then is holomorphic. 

Proof: Suppose qA\H = qn\H = 0 mod 1. Then {F\h,I1\h) is cohomologous 
to the trivial 3-cocycle in H^^{H,C*). Hence the abelian intertwining algebra 
admits the structure of a vertex operator algebra upon rescaling of the 
intertwining operators. The irreducible modules of are given by 

= 0 IF“ 

where 7 ranges over /H (cf. E)- □ 
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5 Orbifolds 


Let G = {g) be a finite, cyclic group of order n acting on a holomorphic vertex 
operator algebra V. We show that the fixed-point subalgebra has group- 
like fusion and that the fusion group is a central extension of by whose 
isomorphism type is fixed by the conformal weight of the twisted module V{g). 
We also determine the 5-matrix and describe the level of the trace functions. If 
the twisted modules V(g^) have positive conformal weights for j ^ 0 then the 
direct sum of the irreducible y'^-modules is an abelian intertwining algebra and 
the restriction of the sum to an isotropic subgroup with respect to the conformal 
weights is a vertex operator algebra extending . Our approach is inspired by 
Miyamoto’s theory of Za-orbifolds [Ml] . 

Let y be a simple, rational, C' 2 -cofinite, holomorphic vertex operator algebra 
of CFT-type and G = (g) a finite, cyclic group of automorphisms of V of order 
n. Then we have (cf. [CM] . |M2j ') 

Theorem 5.1 

The fixed-point subalgebra V'^ is a simple, rational, G 2 -coHnite, self-contra- 
gredient vertex operator algebra of CFT-type. Every irreducible V'^-module is 
isomorphic to a V'^-submodule of the irreducible g"^-twisted V-module V ( 5 *) for 
some i. 

Recall that for each h € G there is a representation (j)h ■ G ^ Autc(R(h)) of 
G on the vector space F(/i) such that z)(j)h{k)~^ = Yyi^}^'j{kv, z) for 

all fc € G and v & V and these representations are unique up to multiplication by 
an n-th root of unity. If h is the identity we can and will assume that (j)h{k) = k 
for all k G G. We will often write for (j)gi . We denote the eigenspace of (j)j (g) 
in V{g^) with eigenvalue eiljri) = by W^^i) ^ i,e. 

Wrifi) _ g V{g^) I = eil/n)v} . 

The twisted trace functions are defined as 

T{v,i,j,T) = try(gi) 

where v £V and i,j € Z„. They transform under 5 = (° ) as 

T{v,i,j,-1/T) = -i,r) 

where wt[ri] is the weight of v with respect to Zhu’s second grading and the 
Aij = cf{i,j, S) are complex numbers depending only on i,j. 

Combining Theorem 15.II with the results of |MTj we obtain 

Theorem 5.2 

Up to isomorphism there are exactly distinct irreducible -modules, namely 
the eigenspaces ^ 
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We describe the contragredient module of 

Proposition 5.3 

We have 

for some function a : Z„ —>■ Z„ satisfying a(i) = «(—i) and q;(0) = 0. 

Proof: Let W be an irreducible twisted or untwisted l^-module and let (fw ■ 
G —^ Autc(LL) denote the action of G on the vector space W such that 

Ywi9v,z) = (j)w{9)Ywiv,z)(j)w{9)~^ 
for all 9 € G. From the definition of the contragredient module follows 
Yw’i9v,z) = (l)wig)~^Yw'iv,z)(t){y{g) 

where 4>'^r '■ G —?■ Autc(fF') denotes the dual representation of (fw- By unique¬ 
ness this shows that the representation 4>w' is proportional to the inverse of 
Using U( 5 *)' = V{g~'‘) we deduce 

Now W" = W implies j = a(—i) — (a(i) — j) so that a{i) = a{—i). With 
4>o{g) = g we have so that a(0) =0. □ 

We determine the fusion algebra V{V'^) of . 

Proposition 5.4 

The S-matrix ofV^ is given by 

Proof: We have 

T{v,i,j,T) = try(gi) o{v)<j)i{g^)q^°~^/‘^'^ 

= X! o{v)e{jk/n)q^°~‘'/'^'^ = ^ e{jk/n)T^(i,k){v,T) 

keZn keln 

so that 

T^,(i,j){v,T) = - V e{-lj/n)T{v,i,l,T) 
n 

and 

T^r{i.j){v,ST) = - V' e{-jk/n)T{v,i,k,ST) 

^ feeZn 

= - 'Y' e{-jk/n)T'^^^^^XtyT{v,k,-i,T) 

^ feez„ 

= - Y] e{-{jk + il)/n)T'^*^^^X^yTy^r(.k,l){v,T) 
n z—t 
fe,zez„ 

by the twisted modular invariance. □ 
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Proposition 5.5 

The constants \ij satisfy 


XijX^-j = e{ia{j)/n) 

Xo,i = 1 


for all i, j € Z„. 

Proof: The first equation follows from the symmetry of the <S-matrix. is a 
permutation matrix sending the index {i,j) to the index of the contragredient 
module (—i, —j + «(*)), i-e. 

By the previous proposition we have 

= \ 'V' e{-{ihy ja + am + bl)ln)Xi aXa,i 

a,bG'Zn 

= ^ ^ e{-a{j + m)/n)Xi^aXa,i ^ e{-b{i + l)/n) 

^ aGZ„ beZ„ 

= Si-I - e{-a{j + m)/n)Xi^aXa,i 


so that 


and 


- e(-a(j + m)/n)Ai,aAa,_i = 8xoi{% 
Tl “ 


a^’Ln 


^ ^ 0-^/^)Aj^aAa^_i — ^6—m,a(z)—ri 


a^ljn 


Multiplying with efdb/n) and summing over b gives the second equation of the 
proposition. This equation implies Aq j = 1. In order to prove the last equation 
we show that Ao,i G R>o- We have 


7’(l,0,j,-l/r) = AojT(l, j,0,T) 


so that 

OO 

e((-l/T)(fc - c/24)) try, 

k^O 

= ^0,j E e{{k - cf24:)T) dim(P {g^)k) 

fe6P3+(l/ra)Z>o 
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where pj S Q is the conformal weight of V {g^ ) and c G Q the central charge of 
V . Specialising to t = it with t G ]R>o we obtain 

^ g2,rc(t-l/t)/24 e-2’^'=*dim(l/((?^)fc) GM>o. 

kepj+{l/n)I.->0 

The limit of the left hand side for t —>■ 0 exits and is I/Aqj because V is of 
CFT-type. Hence Aqj is a non-negative real number. □ 

Proposition 5.6 

The irreducible -modules are simple currents. 

Proof: As before let (i, j)' denote the index of the contragredient module of 
VF(bi). Then 


= -e{-{kj -f il)/n)Xi k-e{-{k{a{i) - j) -f {-i)l)/n)X_ij, 

n n 


1 

1 


e{-ka{i)/n)Xi^kX-i^k 


by ProDOsition l5.5l We compute the fusion coefficients with the Verlinde formula 


^r"w--v= y 


Sc 


{i,i),(a,b)S(ij)C(a,b)S(a,b),(l,k)' 


5(0,0),(a,b) 


T. 


s, 


(a,b),{l,k)' 


,6GZti 

_ 1 S(^a,b),{ — l,a{l)—k) 

a,'^„ ‘5(0,0),(a,b) 

1 e{-{{-l)b +a{a{l)-k))/n)Xa-i 


n‘‘ 

1 

v? 


Ao,, 


a,6GZ„ 

“ y e(a(fc - a(l))/n)Aa,-i ^ e{lb/n) 

a&n b^Zn 

1 

I — 

n 

1 

I — 

n 


= 5ifi- y e(a(fc - a(0))/n)Aa,o 

a^Zn 

= 5i,o- y e{akln) 

71 < ^ 

a^Zn 

— Si,oSk,o ■ 
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This means 


for all *, j € Z„. From this we derive that all lT*^*d) are simple currents. □ 

The proposition implies that the fusion algebra of is the group algebra 
C[Z?] of a finite abelian group D of order n^. Propositions 15.41 and 15.51 show 

5(0.0).(0,0) = 5(0,0),(*,j) = -y= ■ 

Since the positivity assumption in the results of Section |3] only enters through 
Proposition 13.21 this implies that all results of Section [3] hold for without 
the assumption on the conformal weights. In particular the reduction of the 
conformal weights modulo 1 defines a quadratic form on D whose associated 
bilinear form 6 a is non-degenerate. 

Proposition 5.7 

The fusion product takes the form 

for some symmetric, normalised 2-cocycle c : x Zi„ —> 7,^ satisfying 

/ \ \ ^i,a^k,a 

e{—ac{i,k)/n) = —--^ 


for all i,k,a € Z„. 

Proof: Let g] ^ Then 

5(i,t),(a,6)5(fc,J),(a.b) = —S(s,t),(a,b) 
for all a, 6 S Z^. This implies 

Ai.aAfe.a/As.a = e(-(s6 -f ta)/n)e{{ib ja)/n)e{{kb + la)/n). 

Taking a = 0 we obtain s = i k mod n because Ai.o = 1. For 6 = 0 we get 
^i,a^k,a/ ^((j I f^a/fl) . 

This shows that t — j — I depends only on i and k and we define c{i, k) = t — j — l. 
The associativity of the fusion algebra V(IL^) implies that e{—c{i, k)/n) is a 2- 
cocycle Xn x Xn ^ Un- This cocycle is symmetric since V{V^) is commutative 
and normalised since Ao,i = 1. □ 

The 2-cocycle c is related to the map a by 

a{i) c{i, —i) = 0 mod n . 
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The maps Z„ D, j ^ (0, j) and D ^ hn, ihj) * give an exact sequence 

i.e. D is a central extension of Z„ by Z„. This extension is determined up to 
isomorphism by the cohomology class of the 2-cocycle c in iJ^(Z„,Z„). The 
group iJ^(Z„,Z„) is isomorphic to Z„ and the 2-cocycle Cd corresponding to d 
in Z„ is represented by 

.... Jo if -I-j„ < n 
Cd(l, 1) = \ 

\d if 

where denotes a representative ofiin{0,...,n — 1}. The cohomology class 
d of c can be determined by 

d = c(l, 1) -b c(l, 2) -b ... -b c(l, n — 1) mod n. 

We write pi for the conformal weight p{V{g'^)) of the irreducible (/^-twisted 
Wmodule V{g^). 

Proposition 5.8 

We can choose the representation (j)i of G on V{g^) such that 

=e{{i/it,n))-\Lo-p^)) 

where denotes the inverse of ij{i,n) modulo nj{i,n). Then the 

irreducible -modules wO’-i) have conformal weights 

p(tTO.i)) _ p. _|_ I 

and the function a satisfies 


ia(i) = 0 mod n . 

Proof: We prove the first statement in the case {i,n) = 1. The general case can 
be derived from this. The map 

= o{i~^j{Lo - Pi)) 


satisfies 

<l>iig^)Yvigi)iv, z)(j)^ig^)~^w = Yv(gi)ig^v,z)w 

for all u € P and w G V{g'‘) which by uniqueness means that it is a possible 
choice for the representation (fi. This implies the first statement. The second 
statement follows easily from the first. For the third statement observe that 
Pi = P-i- □ 

If we chose the maps (fi as in the proposition then the quadratic form on 
D is given by 

<?A((b j)) = Pi + ij/n mod 1 
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and 


bA{{i,j), {k,l)) = p^+k - Pi- Pk + 


il + jk 
n 


(i + k)c{i, k) 
n 


mod 1 . 


We will use this choice in the proofs of the next 3 results. 


Proposition 5.9 

The cohomology class of the central extension defined by the 2-cocycle c is given 
by 


d = 2n^pi mod n . 

Proof: We have 9a((*, j)) = Pi + ijfn mod 1 so that 


= e{2ij/n)e{-2qA{{i,j))) = e{-2pi). 


Then 


e{dfn) = e((c(l, 1) + c(l, 2 ) + ... + c(l, n — l))/n) 

_ A 2,1 Asp An,p 

AipAi^ Ai 4 A 2 ,i Ai^An-i^i 

= ^ = Ka= e( 2 npi) 

^ 1.1 

because A„_i = Aq.i = 1 . □ 

Since D has order the bilinear form &a takes its values in (Xjr^yLj'L and 
the associated quadratic form in (l/2n^)Z/Z. We show that the values of 
qA actually lie in [XjvifyLI'L. 

Theorem 5.10 

The unique irreducible g-twisted V-module V{g) has conformal weight 

Pi e (l/n^)Z 

and more generally V{g'‘) has conformal weight pi € ((n, z)^/n^)Z. 

Proof: It is sufficient to prove the statement for f = 1. We have 

ri^pi = n 2 ( 7 A((l, j)) = qA{n{l,j)) = qA{{0,k)) mod 1 

for some k € Zn- But this last value is 0 mod 1. This proves the theorem. □ 

This result generalises Theorem 1.6 (i) in |DLM] . The value of pi determines 
the group structure of D. We will see that it also determines the quadratic form 
qA up to isomorphism. 

We define the type < S Z„ of 5 by 

t = Pi mod n , 

i.e. d = 2t mod n. Let N be the smallest positive multiple of n such that 
NPi = 0 mod 1, i.e. N = vf/{t,n). Then N is the level of qA- 
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Proposition 5.11 

The conformal weights pi satisfy 


Proof: We have 


i^t {i,n 

Pi = ^ mod 


iV = *^9 a(( 1,0)) = gA(i(l,0)) 

= <7a((^ c(1, 1) + ... + c(l, i - 1)) 

i(c(l,l) + ... + c(l,i-l)) 
= Pi - 


so that 


On the other hand i^pi 


■2 , ihn) 

I pi — Pi mod -. 

n 

i^tlvf mod(i,n)/n. This proves the proposition. □ 


The 2-cocycles c and Cd with d = 2t mod n differ by a coboundary. Shifting 
c by a coboundary corresponds to redefining the maps (fi ■ Standard arguments 
show 


Theorem 5.12 

Let V be a simple, rational, C 2 -cofinite, holomorphic vertex operator algebra 
of CFT-type and G = (g) a finite, cyclic group of automorphisms ofV of order 
n. Suppose g has type t mod n and let d = 2t mod n. Then we can define the 
irreducible -modules or equivalently the (fi such that 

a) ]jas conformal weight qA{(i,j)) = ^ mod 1 

in) PT(bt)' ^ pf/(-b-i-Cd(i,-*))^ 

iv) = ^e(-(il -h jk)/n)Aiy = ^e(-(il -h jk)fn)e(-2tninknfn^) 

i.e. \iy = e{-2tninkn/n^) 
for i,j, k,l € Z„. 

We remark that the maps (fi chosen in the theorem are not necessarily the 
same as in Proposition [5^ 

The fusion group D is given as a set by 

D = X 

with multiplication 

(b j) + {k,l) = {i -f k,j -f I -f Cd{i,k)). 

This group is isomorphic to the group 

/{n,d) ^ ^{n,d) ■ 
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Proposition 5.13 

The discriminant form D is isomorphic to the discriminant form of the even 
lattice with Gram matrix ( ^ ). 

For homogeneous v € the functions i,j G Z„ transform 

under Zhu’s representation pyc. Up to a character this representation is the 
Weil representation pu. Since V is holomorphic the central charge c of U is a 
positive integer satisfying c = 0 mod 8. In particular c is even so that the Weil 
representation pu is a representation of SL 2 (Z) and 

Pvg{M) = Xc{M)pd{M) 

for all M G SL 2 (Z). The character Xc is defined by 

Xc{S) = e(c/8) = 1 and Xc{T) = e{-cl2T) . 

The Weil representation is trivial on r(A^) where N is the level of D so that we 
obtain 

Theorem 5.14 

Let V be a simple, rational, C 2 -cofinite, holomorphic vertex operator algebra 
of CFT-type and central charge c. Let G = (g) be a finite, cyclic group of 
automorphisms of V of order n. Suppose the fusion group D of has level 
N under q^- Then the trace functions Tyyo. 3 ){v,T) and the twisted traces 
T{v,i, j,T) are modular forms of weight wt[z;] for a congruence subgroup of 
SL 2 (Z) of level N if 24|c and level lcm{3,N) otherwise. 

This result generalises Theorem 1.6 (ii) in [DLMj . 

Combining our knowledge of the fusion algebra of with the results about 
abelian intertwining algebras we can construct new holomorphic vertex operator 
algebras. 

Theorem 5.15 

Let V be a simple, rational, C 2 -cohnite, holomorphic vertex operator algebra 
of CFT-type and central charge c. Let G = (g) be a finite, cyclic group of 
automorphisms ofV of order n. Suppose the modules , {i,j) ^ (0,0) of 
have positive conformal weights. Then the direct sum 

W = 0 = 0 

has the structure of an abelian intertwining algebra extending the vertex oper¬ 
ator algebra structure of with associated finite quadratic space {D,—q/^). 
Let Ff be an isotropic subgroup of D. Then 

= 0 

-yGH 

admits the structure of a simple, rational, C 2 -cofinite, self-contragredient vertex 
operator algebra of CFT-type extending the vertex operator algebra structure 
of . If Lf = then is holomorphic. 
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We make some comments on the theorem. 

We call the orbifold of V with respect to G and and denote it by 
yorb(G,i/)_ isotropic subgroup of I? of order n satisfies H = H^. 

If g is of type t ^ 0 mod n then can already be obtained from some 
lower order automorphism with t = 0 mod n. 

The case when g is of type t = 0 mod n is particularly nice. Then it is 
possible to choose the representations (j)i such that 

ii) has conformal weight qA{{i,j)) = ijin mod 1 

iii) ^ 

i’^) = ^e(-(jfc + lO/n), i.e. a{i,k,S) = Xi^k = 1 

v) T(i,i),(k,i) = e(u7n-c/24)(5(,j)_(fc_i), i.e. a{i,k,T) = e{-cl24:) 

for i, j, k,l G Zn- This means that the fusion algebra of is the group algebra 
of the abelian group Z„ x Z„ with quadratic form 

9A((bj)) = — modi. 
n 

The direct sum of irreducible y'^-modules 

W= 0 

i,jez„ 

has the structure of an abelian intertwining algebra and the sum 

W" = 0 

iez„ 


over the maximal isotropic subgroup i/ = {(z, 0) 1 1 S Z„ } is a simple, rational, 
C' 2 -cofinite, holomorphic vertex operator algebra of CFT-type which extends the 
vertex operator algebra structure on V'^. In this case we simply write 
for the orbifold . We can define an automorphism k of of order n 

by setting kv = e{iln)v for v G Let K be the cyclic group generated 

by k. Then (yorb _ p{/(o,o) _ yG twisted modules of 

corresponding to k^ are given by (k^) = ^ Hence 

|'yorb(G)^orb(Zf) _ _ y ^ 

iG'^n 

i.e. there is an inverse orbifold which gives back V. 
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6 Schellekens’ list 


In this section we show that Schellekens’ classification of 14-structures of mero- 
morphic conformal field theories of central charge 24 [S] is a rigorous theorem 
on vertex operator algebras. 

Let 5 be a finite-dimensional simple Lie algebra over C and h a Cartan 
subalgebra of g. We fix a system $+ of positive roots and denote by 9 the cor¬ 
responding highest root. We normalise the non-degenerate invariant symmetric 
bilinear form on g such that (0, 9) = 2. This form is related to the Killing form 
fc(, ) on 5 by ( , ) = 2h'^k{ , ) where h'^ is the dual Coxeter number of g. Note 
that dim(g) > (/i^/2)^. The affine Lie algebra g associated to g is defined as 

g = g ® C[t, © CK 


where K is central and 

[a(m), b{n)] = [a, b]{m + n) = m6m+nia, b)K 

with a(m) = a® t™. Define g+ = g ® g- = g ® and identify g 

with g ®1. Then 

9 = 9+®g-®9® CKT. 

Let K be a g-module and fc S C. We can extend the action of g to an action 
of g+ © 5 0 CK by letting g+ act trivially and K as fc Id. Then we form the 
induced 5 -module 

% = U{g) ®Uig+<Sg(BCK) V ■ 

Applied to an irreducible highest-weight module L(A) of g we obtain the g- 
module L{X)k which we denote by Mi^ \. If fc ^ —/i^ then q is a vertex 
operator algebra of central charge kdim{g)/{k + h'^). The first homogeneous 
pieces of g are given by C, g, g(BA^(g), etc. Let Jk^\ be the maximal proper 
g-submodule of Mk,\. Then the quotient Lk^\ = is an irreducible 

g-module. If fc is a positive integer Jkfi is generated by (ee)(—1)^+^1 where eg 
is any non-zero element in the root space gg of g and Lk,o is a rational vertex 
operator algebra whose irreducible modules are the spaces Lk,\ where X G h* 
ranges over the integrable weights satisfying {X,9) < k (cf. [FZj . Theorem 
3.1.3). The character : H x h ^ C of Lk,\ is defined by 

XLfc.x (D z) = tri, ^ g27rzz^Lo-c/24 _ 

Let K be a simple, rational, C' 2 -cofinite, self-contragredient vertex operator 
algebra of CFT-type. Then V carries a unique symmetric, invariant, bilinear 
form (, ) satisfying (1,1) = —1 where 1 denotes the vacuum of V and the 
subspace 14 of Lg-degree 1 is a Lie algebra under [a, 6 ] = agb. The bilinear form 
(, ) is non-degenerate on V and on I 4 . 

Now we assume in addition that V is holomorphic and of central charge 
24. Then I 4 is either trivial, abelian of dimension 24 or semisimple (cf. [S] and 
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IDMlp . In the second case V is isomorphic to the vertex algebra of the Leech 
lattice. We consider the third case that Vi is a semisimple Lie algebra 


9 = ffi.fci © ■ ■ • ■ 

Then the restriction of (, ) to satisfies 

where (, ) is the normalised bilinear form on gi and ki a positive integer |DM2] . 
The map ai(m) i—>■ (apm sending S Qi to its m-th mode defines a representa¬ 
tion of gi on V of level ki. The vertex operator subalgebra of V generated by 
Vi is isomorphic to 

Lki,o ® • ■ ■ © 

and the Virasoro elements of both vertex operator algebras coincide. Since 
Lki,o®- ■ ■'SiLk„fi is rational and the Lo-eigenspaces of V are finite-dimensional, 
V decomposes into finitely many irreducible Lfci,o © ... © Lfe„,o-modules 

^ © • ■ ■ © 

(Ai,...,A„) 

where each Xi is an integrable weight satisfying {Xi,9i) < ki. The Lie algebra g 
acts on Vn by (a, u) qqv. Let 

h = hi^ki © •. ■ ® hn^k„ 

be a Cartan subalgebra of g. Then the character 

Xv{r,z)=tTv 


is holomorphic on H x h and satisfies 
' ar + b z 


XV 


CT + d CT + d 


= exp ( 27ri 


{z,z) 


2 CT + d 


XV (t, z) 


(cf. [KM ] ). A finite-dimensional 5 -module M decomposes into weight spaces 
and we define for z € h the function 


siiiz) = 




/ien(M) 

where n(M) denotes the set of weights of M and the multiplicity of g. For 
example S^{z) = dim(M). 


Theorem 6.1 

We have 


Sv^iz) = ^(dim(yi) -24)(2 ;,z) 
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and for V2 

Sy^ (z) = 32808(z, z) — 2 dim(Vi)(z, z) 

Sy^{z) = 240S'y^(z) + 15264(z,z)^ - d\Ta{Vi){z, z^ 

^V 2 ('^) ~ ^Vi ('^) ^Vi (■^)('^> + 11160(z, z)^ — 15 dim(Vi)(z, z)^ 

S^^{z) = 480 S^^{z) - 2352 S^^{z){z, z) + 2520 S^^{z){z, zf + 10920(z,z)^ 
— 35 dim(4d)(z, z)^ 

5^°(z) = - 264 SlP^iz) + 2700 S^^{z){z, z) - 7560 {z){z, zf 

Ql 5 

+ 6300 S'yj(z)(z, z)^ + 13230{z, z)^- — dim(4d)(z, z)® 

and 


48S]^^{z) - 364^^^(z)(z,z) = -n52S^^iz) 

+ 288288 5'^°(z)(z, zf - 2162160 S^fz){z, zf + 5045040 S^fz){z, zf 
- 3783780 S^fz){z, zf - 5405400(z, zf + 45045 dim(yi)(z, zf. 

Proof: Let 

P(t,z) = exp (^-{2TTif^^^^E2{T)^ A{t)xv{t,z) 

where 

00 

A{r) = ql[{l-qn^^ 

m—1 

is Dedekind’s A-function and 


E2(t) = 1 - 24 ^ u(m)q'^ 

m—1 

the Eisenstein series of weight 2. Since A is a modular form of weight 12 and 
E 2 transforms as 


E 2 


/or + 6\ 
\ cr + d y 


E2{t){ct + df + -^c{cT + d) 
2 tti 


for ( “ ) G SL 2 (Z) we have 


f ar + b z \ 

\ CT + d ’ CT + d) 


{cT + df^Pf, z). 


This implies that the m-th coefficient in the Taylor expansion of P in z is a 
modular form for SL 2 (Z) of weight 12 + m. Using 


Xv{t,z) = g ^ ^ mxe 

Aen(Vi) 

(27ri) 


2'KiX{z) 


+ q ^ mxe 
\en{V2) 


2-KiX{z) 


= Q 


E 

m—O 


, Sf{z) + qJ2^^^Sffz) + ... 


m—0 
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we find that the coefficient of degree 2 in the Taylor expansion of P{t, z) is 
(27ri)^ times 


+ 9^ (^5^(2) - -dim(V^2)l^ + 2dim(Vi)(z,z) - 

+ . . . . 


Since the space of modular forms for SL 2 (Z) of weight 14 is spanned by 
= 1 - 24g - 196632g2 - 38263776g^ + ... 

this implies 

{z,z) = ]^Sl^{z) - ■^^(dim(Vi) - 48) 

which gives the first equation in the theorem. Comparing the coefficients at 
and and using dim(l/ 2 ) = 196884 we obtain the second equation of the 
theorem. Looking at higher orders in 0 and using the relations between the 
coefficients of modular forms we can derive the other equations. □ 

The following result is well-known (cf. 0, [DHI]). 

Corollary 6.2 

For each simple component gi of g we have 

h/ dim(g) — 24 
^ 24 ■ 

Proof: The first equation of Theorem 16.11 gives 

^(dim(g) - 24)(z, z) = Y^ fi{z f 

ij.e<s> 

where $ is the root system of g. Restricting z to Zi G hi we obtain 
^(dim( 5 ) - 24:)ki{zi, Zi) = ^ gi{zif . 

An elementary calculation shows 

= 2h':l{zi,Zi). 


This proves the statement. □ 

Now we show how Theorem 16.11 and Corollary [6^ can be used to classify the 
possible affine structures of V. 
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Proposition 6.3 

The equation h'^/ki = (dim(g) — 24)/24 has 221 solutions. 

Proof: The equation gives the following inequality 

dimfe) = Edimte) > \±(hrf = J ±kl 

i—1 ^ i—1 ^ ^ i—1 

Since 

n 

i=l 

this implies dim(g) < 2352. There is a finite set of semisimple Lie algebras 
satisfying this condition and a computer search yields from this set a list of 221 
solutions. □ 

Let V be as above with Vi given by one of the solutions 

g = giM ® 

of hf /k^ = (dim(g) - 24)/24. Write Lk,x for ® ® Then V 

decomposes as Lfe^A-module as 

y = mxLk^x 

X 

where Xi ranges over the integrable weights of gi satisfying {Xi,9i) < ki. Since 
Vb = Cl and Vi = g, the modules L^^x with A 7 ^ 0 appearing in the decompo¬ 
sition have conformal weight at least 2. In particular 

V 2 = (Lfe.o )2 ® 0 mx{Lk,x)2 

X 

where the sum extends over the A 7 ^ 0 such that Lk^x bas conformal weight 2. 
Recall that the structure of {Lkfi )2 is well-known. We write 

A 

and plug this decomposition into the second set of equations in Theorem 16.11 
Introducing coordinates on h we obtain a large system of linear equations for the 
mx which by the existence of V has a solution in the non-negative integers. We 
can reduce the number of variables mx by identifying the modules Lu^x which 
become isomorphic under exchange of isomorphic simple components of g. The 
resulting reduced system still has a solution in Z>o. 

Theorem 6.4 

Let V he a simple, rational, C 2 -cohnite, holomorphic vertex operator algebra 
of CFT-type and central charge 24. Then either Vi = 0, dim(Vi) = 24 and V 
is isomorphic to the lattice vertex operator algebra of the Leech lattice or Vi is 
one of 69 semisimple Lie algebras described in Table 1 of ©• 
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Proof: If Vi is non-abelian then it is one of the 221 solutions of the condition 
hf /ki = (dini((;) — 24)/24. For 69 of these Schellekens m gives an explicit 
candidate decomposition V = ©A mxLk^x. We verified in these cases that 
the multiplicities satisfy the reduced system described above. It remains to 
eliminate the other solutions. The case 2 will be treated separately 

below. Of the 151 remaining systems 140 possess no solution in Q>o. A further 
4 of the systems have no solution in Z. This leaves 7 systems for which we 
must rule out the existence of a solution in Z>o. We compute a rational upper 
bound on each variable mx- If this upper bound is less than 1 then mx should 
in fact vanish. We add this equation to the reduced system. This excludes the 
systems A 3 .leAf g, gA|j 2 ) Af gG 2 ,i 2 , Af g and A^ 4 G 2 g. The two remaining 
Lie algebras are Af and Aj^g. In the associated reduced systems we isolate a 
subset of variables possessing small upper bounds and assign integer values to 
these variables within their ranges. All possibilities lead to systems that have 
no solution in Q. 

In the case A§_ 4 A® 2 we supplement the reduced system by additional condi¬ 
tions coming from the equality of multiplicities under fusion orbits. With these 
extra equations we can show that A| 4 A 4 2 is not a possible lA-structure in the 
same manner as above. □ 

We remark that entry 62 in Table 1 of [5] should read Es^ 2 Bs,i- 


7 Lattice vertex algebras 

In this section we describe some results on lattice vertex algebras and their 
twisted modules. 

Let L be an even lattice and e : L x L —{±1} a 2-cocycle satisfying 
e{a,a) = (—1)(“’“)/2 and e(a, a) = (— 1 )(“A)^ Then e(a,0) = e(0,a) = 

1, i.e. e is normalised. The twisted group algebra C[L]e is the algebra with 
basis {e“| a £ L} and products e“e^ = e(a,/3)e“+^. 

Let g £ 0(L). Then a map (fg on C[L]s of the form (/)g(e“) = 
for some function >{±l}isan automorphism of C[L]£ if and only 

if ?7 is a quadratic form satisfying g(a + I3)g{a)ri{l3) = e{a, I3)e{g{a), g{l3)). 
These automorphisms form a group which is a non-split extension of 0(L) by 
Hom(L,Z 2 ) (cf. |B2] and |MP) . Chapter 3). 

k 

Let g £ 0(L). Then for a £ we have 

g{a + g{a) -h ... -h g''~\a)) = g{a)g{g(a))... ??(/“^(a)) 
if k is odd and 

g{a + g{a) -h ... -h ... ry(/"^(a)) 

if k is even. 

There is a lift (pg of g such that 77 = I on the fixed-point sublattice L® of L. 
We call such a lift a standard lift of g. 
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Proposition 7.1 

Suppose g has odd order n and let (j)g be a standard lift of g. Then 



= e 


a. 


k 

for all a G .In particular (f>g has order n. 
Proof: First suppose that k is odd. Then 


<^s(e“) = v{a)r]{g{a))... g{g^ ^(a))e“ 

= v{o: + g{a) + ... + g'"~^{a))e°‘ 


because a + g{a) + ... + g^~^{a) is in L® and 77 = 1 on L®. Now suppose that k 
is even. Then fc + n is odd and e“ = (/)g+”(e“) = = 4‘g{^°') because 

(j)g has order n. □ 

In the same way one shows 

Proposition 7.2 

Suppose g has even order n and let 4>g be a standard lift of g. Then for all 
a G Ls" 



if k is odd and 

if k is even. In particular (pg has order n if (a, g"^^{a)) is even for all a G L and 
2 n otherwise. 

Let h = L ® C and h be the Heisenberg algebra corresponding to h. Then 
the extension of 0 (L) described above acts naturally on the vertex algebra 
V = S{h~) ® C[L]^ corresponding to L. 

We assume now that L is unimodular. Let be the orthogonal comple¬ 
ment of L® in L. Then the orthogonal projection tt : /i ^ /i of on L® 0 C 
sends L to the dual L^' of L®. Let 77 be a quadratic form on L as above. 
Then 77 is a homomorphism on L® and there is an element Sg G T^(h) such that 
77 (a) = e((sg,a)) for all a G L®. The element Sg is unique up to L^' = 7r(L). A 
minor variation on the arguments in m and which deal with the case 

of standard lifts only leads to 

Theorem 7.3 

Let L be an even unimodular lattice and g an automorphism of L of order n. 
Let rj : L—>■ {±1} be a quadratic form as above and cpg the associated lift of g to 
an automorphism of<C[L]g. Then the unique irreducible (pg-twisted Vl- module 
is isomorphic as a vector space to 

(g) e®’'C[ 7 r(L)] 0 X 
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where X is a complex vector space of dimension d with d"^ = — g)L\ 

and S{h~) the twisted Fock space. Under this identification the Lo-eigenvalue 
of the vector 

(ai(-ni)... ai{-ni)) 0 (g) x 

is equal to X] + '^(®))^/2 + P where 

^ n—1 

i=i 

Here hj denotes the e{j/n)-eigenspace of g in h. 

We need the description of twisted modules for non-standard lifts because 
sometimes t/f™ is not a standard lift of if 4>g is a standard lift of g. For 
example in the case of the order 4 orbifold in the next section (j)^, where 4>g is 
a standard lift of g, is not a standard lift of g^. 

8 Construction of some new holomorphic vertex 
operator algebras 

In this section we construct 5 new holomorphic vertex operator algebras of 
central charge 24 as orbifolds of lattice vertex algebras. 

We proceed as follows. Let N{^) be a Niemeier lattice with root system $ 
and g an automorphism of iV($) of order n. We take a standard lift of g to the 
vertex algebra V of V($) which we also denote by g. Then the twisted modules 
V {g^) have positive conformal weights for j 0 and we can compute the type 
of g using Theorem 17.31 We assume that g has type 0. Then the twisted traces 
r) can be determined from the known characters T(l,0,j, r) and the 
explicit formulas for the S- and T-matrix given in the remark after Theorem 
15.151 We have 

Xrv(co)(r) = T^^(i.o)(l,T) = - V r(l, 

n 

so that the dimension of is the constant coefficient of 

Xyorb(G) (r) = i V T{l,i,j,T). 
n 

i.jCZn 

Then Theorem 16.41 gives the possible Lie algebra structures of . We 

can further restrict the structure of by an argument which is due to 

Montague [M]- There is an automorphism k of order n acting on such 

that the corresponding orbifold (VO''b(G)^orb(if) gjygg back V. The fixed-point 
subalgebra is so that Vi’ is the fixed-point subalgebra of an 

automorphism of whose order divides n. Kac classified the finite order 
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automorphisms of finite-dimensional simple Lie algebras and their fixed-point 
subalgebras (cf. Theorem 8.6 and Proposition 8.6 in E). This reduces the 
possible affine structures of In two cases we need additional arguments 

to completely fix this structure. 

The affine structure ^45 as a Zs-orbifold 

The lattice A 4 can be written as 

A 4 = { (xi,..., X 5 ) e I a:i -I-... -b 3:5 = 0 } c . 

The dual lattice is given by 

A'4 = (jm + A4) 

i=0 

where [r] = ..., ..., —with j components equal to | and i + j = 5. 

The lattice L = A\ has an automorphism g of order 5 obtained by acting with 
a permutation of order 5 on the coordinates of the first d 4 -component and a 
permutation of order 5 of the remaining d 4 -components. The characteristic 
polynomial of g is {x— — 1)®, i.e. g has cycle shape Let H be the 

isotropic subgroup of L'/L generated by the glue vectors [1(01441)] (see [CSj . 
Chapter 16). Then the lattice 

N{Al)= U(7 + L) 


is a Niemeier lattice with root system A 4 and g defines an automorphism of 
N{Af). The fixed-point sublattice of g in N{A^) is isomorphic to ^. 4 ( 5 ). 

Let V be the vertex operator algebra corresponding to N{Al). We take a 
standard lift of g which we also denote by g. Then g has order 5 and type 0 and 


T(1,0,i,t) = tryg>^“ 1 


^N{Al)s' (■’’) 

tiAt) 


where ggi denotes the eta-product corresponding to g*. For i ^ 0 we have 


so that 


Write 


T(1,0,z,t) 


A'.jsA) g{Tf 


T(l,i,0,r) = r(l,0,i, 


-1/r) = 


v{t/A ■ 


5-b53 


77(t/5)6 


9o{t) +gi{T) -b ... -bg4(r) 
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with gjiTr) = e{j/5)gj{T). Then 

jeZs ieZs 

= i ^ r(i,*,o,r"^r) = i ^ r(l,*,0,r + j) 

ieZs jeZs 

= 5 o(t) = 5 + 39375(7 + 4298750g2 + 1728600009^ + ... 

for 1 ^ 0 . Since G = (g) acts fixed-point freely on the set of roots of A^(A 4 ) we 
have 

dim = dim -h 4 = 28 . 

It is not difficult to see that is isomorphic as a Lie algebra to A^C'^ 

with C'* coming from the 4 orbits of G on the 20 roots of the first yl 4 -component. 
Let 

yorb(G) ^ ^ p^(bO) 
ieZs 

be the orbifold of V corresponding to g. Then has dimension 48 = 

28 -I- 4 • 5 and by Theorem [63] is isomorphic as a Lie algebra to A}®, A2, ^ 1 ^ 3 , 
Al, AiA^B2, A1D5 or Aq. The simple components in this list which admit an 
automorphism of order dividing 5 whose fixed-point subalgebra contains A4 are 
A4, A^,D^ and Aq. The corresponding fixed-point subalgebras are A 4 , A 4 C, A 4 C 
and A 4 C'^. Hence = A 4 or The conformal weight of the spaces 

i 0 is 1. By Lemma 2.2.2 in |SS) this implies that A 4 C is not only 
a subalgebra but an ideal in Hence has the affine structure 

^4.5- 

The affine structure (74 10 as a Zio-orbifold 

Again we consider the Niemeier lattice A^(A 4 ) with root system A®. Let g be 
the product of the automorphism of the previous example with —1. Then g has 
order 10 and cycle shape 1^2“^5“®10®. The inner product {a,g^{a)) is even 
for all a G N^A^)^ . We take a standard lift of g to the vertex algebra V of 
A^(A 4 ) which we also denote by g. Then g has order 10 and type 0. The space 
Hj°rb(G) dimension 36 and is isomorphic as a Lie algebra to A2D4 or 
G4. The Lie algebra structure of Hp is i? 2 C^. This excludes the first possibility. 
Recall that the automorphism k on acts as kv = e{i/10)v for v G 

Hence the eigenspace of k^ on jg 

(i/orb(G)^if^ _ y^r{0,0) ^ ^rG.0) _ 

Since dim(Wj^’°^) = 0 this implies that is the fixed-point subal¬ 
gebra of of an automorphism whose order divides 5 and not just 10. It 

follows = C4. 
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The affine structure 16*5 36^2,2 as a Zg-orbifold 

Recall that the lattice has 3 conjugacy classes of automorphisms of order 3 
of cycle shape 1“^3^, 3^ and 1^3^. The lattice L = Eg has an automorphism 
of order 3 acting by a fixed-point free automorphism of order 3 on the first 
-Ee-component and a permutation of order 3 of the remaining Eg-components. 
Let g be the product of this automorphism with —1. Then g has cycle shape 
Let H be the isotropic subgroup of L'/L generated by the glue 
vectors [1(012)] (see [CSj . Chapter 16). Then the lattice 

N{Et)= U (7 + i) 

is a Niemeier lattice with root system E| and g defines an automorphism of 
N{Eq) satisfying (— 1 )^“’® = 1 for all a £ N{Eq)^ . 

Let V be the vertex operator algebra corresponding to IV (E|). We take a 
standard lift of 5 to R which we also denote by g. Then g has order 6 and 
type 0. Let be the corresponding orbifold. Then dim(R”'^^‘^^) = 72 so 

that is isomorphic as a Lie algebra to AIA5D4, AfCsD^, 

AfAr, A1C5G2 or A\Dq. The Lie algebra structure of is A1A2C4G} . The 
only simple components in the list for which admit an automorphism 

of order dividing 6 whose fixed-point subalgebra contains C4 are A^ and Eg. 
This implies that = Tfdy or kliC' 5 G' 2 . In the first case C4 is the full 

fixed-point subalgebra of Ay so that A2 would have to be a subalgebra of A4 
which is impossible. Hence = HiC' 5 G 2 . 

The affiue structure A2,ii?2,i^6,4 as a Z4-orbifold 

The lattice Eg = {(xi,..., xg) € Z® j Xi-|-.. .-l-xg = 0 mod 2 } C has an auto¬ 
morphism of order 4 defined by (xi, X2, X3, X4, Xg, xg) 1—>■ (xi, X2, X4, X3, —xg, Xg). 
Composing this map with the automorphism (x,y) 1—>■ (—j/,x) on we obtain 
an automorphism g of the Niemeier lattice N{AqDq) (see |CS| . Chapter 16) of 
cycle shape 1 ^ 2 “® 4 ^°. Here (—1)(“'S(“)) = —1 for some elements a £ N(AgDe)^^ 
while (—1)(“’® = 1 for all a £ N(AgDe). We take a standard lift of g to 

the vertex algebra V of N{AgDg) which we also denote by g. Then g has order 
4 and type 0 . The dimension of is 96 so that BgDi, 

A2AIB2, AgAs or A2B2Eg. The Lie algebra structure of Vy’ is H2E2EgC^. Out 
of the list of simple components of only Eg admits an automorphism 

of order dividing 4 whose fixed-point subalgebra contains Eg. This implies 

^orb(G) ^ A2B2Eg. 

The affiue structure A2,6T^4,i2 as a Zg-orbifold 

The lattice A2 has a fixed-point free automorphism of order 3 which we denote 
by /• We define an automorphism of A}^ = {(xi,..., X 12 ) | Xi € H 2 } of order 6 
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by composing the maps 


(a:2,X3,a:7,a;9,a;io,a;i2) ( 0 : 3 ,a;i 2 ,Xg,a;io,a; 2 , 0 : 7 ) 

{xe, xs, Xu) !-)• (-xs, -Xu, -xe) 

{xi,X5) [-f(x5),-f{xi)) 

X4 -f{x 4 ) 

This automorphism has cycle shape and defines an automorphism 

of the Niemeier lattice N{Al‘^) (see [CS| . Chapter 16) because it preserves the 
glue group. Furthermore (—1)*^“’® = 1 for all a S N{A 2 ^)^ . We take a 

standard lift of this automorphism to the vertex algebra V of iV(y42^) which we 
denote by g. Then g has order 6 and type 0. The Lie algebra structure of 
is AiA 2 <C^■ For the dimension of we find dim(l/j°'^'’*'’^^) = 36 so that 

^orb(G) ^ ^12^ y-orb(G) ^ 

Lattice orbifolds 

We summarise our results in the following theorem. 

Theorem 8.1 

There exist holomorphic vertex operator algebras of central charge c = 24 with 
the following 5 affine structures. 


Aff. structure 

No. in 

Niemeier lat. 

Aut. order 

-^2,1-^2,1-£'6,4 

28 

AlDe 

4 

^1.5 

9 

A! 

5 

^ 2 , 6.0442 

3 


6 

-^1,1^5,3^2,2 

21 

El 

6 

^4,10 

4 

A! 

10 


In [LS3] Lam and Shimakura give constructions of holomorphic vertex op¬ 
erator algebras with 2 new affine structures conditionally upon the existence of 
those with ^4 5 and diC' 5 ^ 3 G 2,2 (and 3 others unconditionally). Hence 

Corollary 8.2 

There exist holomorphic vertex operator algebras of central charge c = 24 with 
the affine structures HiZ? 6,5 and ^ 5 , 5 ^ 2 , 3 ^ 1 , 2 . 

Finally we review the list of known holomorphic c = 24 vertex operator 
algebras. 

• 24 vertex operator algebras associated with the Niemeier lattices (cf. |Blj , 

[FLM]) 
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• 15 Z 2 -orbifolds using standard lifts of the (—l)-involution (see |FLM) for 
the moonshine module V^, [DGMj for the others) 

• 17 framed vertex ooerator aleebras Icf. (ir|. |LS1| and mi) 

• 3 lattice Zg-orbifolds (cf. [MT). flSS ] and [SS ] ! 

• 5 orbifolds by inner automorphisms (see |LS3] 1. 2 of them conditional upon 
the next item) 

• 5 lattice Z„-orbifolds with n = 4, 5, 6 ,10 (present work) 

Thus at least 69 of the 71 affine structures of Schellekens’ list lTheorem l6.4|) 
are realised by holomorphic vertex operator algebras. The two remaining affine 
structures are Aqj and A 2 , 2 .F 4 , 6 - 
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